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Flow Regulated Water Clock (250BC)

« 250 BC flow regulated water clock

Constant flow rate
— Ctesibius, a Greek Inventor |
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Self Re-filling Oil Lamp (200 BC)

« Self Re-filling mechanism
— Philon, a Greek inventor
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Flyball Governor (1788)

First crude Governors were working well.
Precisely machined governors caused
steam generators blow up occasionally.

« James Watt (1788)
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Plant Model: Mechanical System

* Shock absorber

F— ey, Free body diagram

* Spring resists displacement i (t)

« Damper resists speed i3 b k
#(t) + Ey(t) s ay(t) =

= f—ky(t) — by(t) @1
%f(t) (2.2)

Second order model

vs{t]'T-::“ R. C o i5(t) §i3 -

Plant Model: Electrical System

RC Circuit o iy

——

3

St

I

i .
= KCL: Y00 =0
i2(t) +i3(t) = ()

Colt) + —U(t} = I(t)Ri o(t)
Ri1R2Co(t) + R1 v(t) = Ro(vs(t) —v(t))
R\ReCo(t) + (R + Re)u(t) = Rovs(t)




Plant Model: Electrical System

R+ Ro 1
() W’U(f) = mvs(f)
0(t) +av(t) = bog(t) (2.3)
s First Order System
q = fti = i
R1R2C R.C

System models are ordinary differential equations (ODEs).
The order of model ODE depends on the system
complexity.

The response (output) of the plant can be obtained by
solving model ODE for a given forcing function (input)
Laplace transforms can be used to solve ODEs efficiently

Laplace Transforms

function il F(s)

unit impulse ot 1

unit step u(t) L

time exponent e Sl—a

cosin cos wt iy

power of time fil L

linearity o1 f1(t) & aafo(t) | a1 F1(s) + azfo(s)

exponential scaling | e™ f(t) F(s—a)

time shift I e e TF(s)

time multiplication | tf(t) - %F (s)

differential d’;{,@ TRt 00 — sthipRiildo)
N A f”_l(O)

integral LAYz ~F(s)

time scaling flat) %eéF(a)

convolution integral | [y f(7)g(t — 7)dr | F(s)G(s)

System Response with Laplace

RC Circuit Model  ©(t) + av(t) = bus(t) @3
— When transformed into Laplace domain 1{ } (forward)

sV(s) —0(0) +aV(s) = bV For DG Voltage

; 1 vs(t) = Vug(t)
(s+a)V(s) = v(0)+ E)V;
1 b
7(s 1 n ! 4 3.47
Wi sta i s(s+a L

1 h /1 1
V(s) = ) 2= 7
(5) S+a.?'{0)+a(s éi+er,1)1E

« Response Method 1: Partial fraction

— When transformed back to time domain L'{ } (inverse)

b
v(t) = -z_r([_]}e_af + -V (1 - E_C‘f) (3.49)
1

System Response with Laplace

i} 1 b
(347), V(s) = v(0) + V
s+a s(s+a)
/ \ Method 2:
u(t) o Convolution Integral

* Transforming back to time domain

i
v(t) = v(0)e™™ + bV [ e”ug(t — 7)dr
Jo

¢
= 'L-'(U)E_M -I—b';f’_.j./ e 7 1dr
0

—b
= v(0)e”™ + ?H,.e_”m

b, _
= v(0)e”™ + -V (1 —e “‘i) (3.50)
\ ) @ J
Homogeneous Response  Exogenous Response




%% First Order Besponse: RC Circuit

R1=1000; BR2=2000; C=200%10"-6; % gircuit components
S a=(R1+B2) /(R1*E2*C) ; b=1/(R1*C) % model coefficients
= v0=2; % initial condition
2 dur=0. 6 % simulation duration
6 t=[0:0.01:dur]:;
O %% Homogeneous Besponse
m yH=v0*exp(-a*t) ;
L )
: %% Exogenous Response
(@] ¥E=(b/a)*(1l-exp(-a*t));
—
(U %% Total Response
=1 yT=yH+YE ;
-g %% Plot graphs
(D subplot(311); plot(t,vH),; axis([0 dur 0 2]});
_Q vlabel( "Homogeneous response [¥]7); grid on;
L)
) subplot{(312); plot(t,vE),; axis{([0 dur 0 2]});
g vlabel( 'Exogenous response [Y¥]'); grid on;

subplot(313); plot(t,yT),; axis([0 dur 0 2]}
vlabel( 'Total response [¥] "), xlabel({ 'time [s]7); grid on;
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time [s]

System Response with Laplace
» Mechanical System Response
@2 i)+ D)+ yl) = (1)

y(t) + 203)[1) + ﬂ'y( t)=nf(t) s
,and n =

Where

_ b _
20 = m P = m

» Transforming into Laplace domain
Y (s) — sy(0) — /' (0) + 20[sY (s) = y(0)] + pY (s) = nF(s)
(s* + 205 + p)Y (5) = y(0)s — [209(0) + Y'(0)] = nF(s)

y(0)s + [20y(0) + ¥'(0)] J] F(s) (3.5

Y(s) =
(5) (824208 + p) (s2+ 208+ p)

2)

» Three possible scenarios based on the solutions of the
denominator polynomial (characteristic equation)

20) -4lp=0c’-p— A(s) =5 +20s+p =10,

Determinant

System Response : Partial Fractions

Case 1: 0= p >0 (b > 2vVmk)

<_,— Ky = y(0), and Ky = 20y(0) + y'(0)
Kis+ Ko ]

3.52 (s) = 4
@82 Y() == oeoan

F(s)«—F(s) =%

k]

(s —ay)(s — az)

(] (L . .
where ai,a2 =-0+4/0% —p negative, real, distinct poles
Poles are determined by the system parameters
« Case 1: Partial Fractioning

Kis + K: 7 A
Y(s) = TR ? Z (3.55)
(s —ai)(s—az)  (s—ai)(s—az)s
P P g ):
= Ly 2 _ A ( @ + @ + %)
(s—a1) (s—a2) (s—a) (s—az) s
Ko +Ko Kiao+Ks 1 _ 1 15
Where lPl (Iillaz P le—m 2,’ "21 - f):l((l]—(}'z}’c)") T az(ag—aq)? 2'5 . (.'t](.'t-)_’

From |n|t|a' conditions

I
From system parameters
and system parameters




System Response : Convolution Integral

» Transforming back to time domain
y(t) = P+ Pyt 4 A (Qle“” - Qze“ﬁ) + nAQ;
= nAQs + (P1 +nAQ1)e™ " + (Py + nAQs)e? (3.56)

Steady-state

response L Decay with time

|
Transient response

System Response with Laplace
* Transforming back to time domain
u(t) = Pret 4 Pt Py | et f(r)dr 4 P, / ) f (1) dr
« For f[(t)= Ausl(t)

ot t
y(t) = Pre®t 4+ Pye®2t 4 "I]Pg/ e =T Adr + NPy / e®2(t=7) Adr
0 0

ot

t
= Pie™t 4 P2t 4 Pyttt / e~ T Adr + nPye®? ] e 22T Adr
Jo a

. ; P A :t’}:[f _ ; P A Irmgr -
. ] _ })letrll + Pzeuz{ _ ni3Aae e |[¢] _ LK ”(_ e 2T “!]
» Case 1: Convolution Integral Method ay g
. . Dy Apait "D, eQat
Using coverup method (see Appendix) _ ity ppeoat  MEAS oy nPAA oy
(355), Y(s) = { h |5 } + { B, _h } F(s) ° .
R 7 l(s—a1)  (s—a) K (s —a1)  (s—a2) (s = Pt 4 pyetat 4 w(l —e™t) 4 M(l — ¢P2t)
- P] + Pz‘ + 7 P.‘{ f"( ‘;) + 1 P F( ‘,)(3 5?} (85 (0D
C (s—o)  (s—ag) G- ap) !("5 —ag) T = —qA (Q + ﬂ) + (rﬁ + -—?}Aﬂj et 4 (Pz + nARi) ezt
Where Pq _ 1 P _ 1 \ 0; 9 J L ¥ . (25 J .
TomTe D Steady-state response Transient response (3.59)
Simulation:

Steady State and Transient Responses

» Steady State Response
— The sustainable response over time —nA (Q + ﬂ)
— Depends only on external forcing function ar @

» Transient response
— Decaying response
— Depends both on Initial conditions and external forcing function

nAP: AP,
(P1 + ”—‘) et + (Pg + 1 1) eo2t

a; Qs

Case 1 Over Damped Shock-Absorber

« Set parameters as follows k=125N/em  b=700Ns/cm
— Damper is stronger than spring action
— Speed is strongly opposed

« Then, from (3.51) o=T7, p=2.5, and n=0.2
« Consequently, the two system
poles are a1=-0.181 and ay=-13.819

-ve real distinct poles




Matlab Code Matlab Code

1 %% Shock3p8 : Second Order Response of Shock-Absorber 27 - alpha=-sigma
2 - dur=25;m=50; % weight of the rider 28 - ph=(kl*alpha+k?2)/alpha; pé=-k2/alpha; p7=1/alpha; p8=-1/alpha;
3 - b=T00; k=125 % case 1: b[Hs/cm] k[N/cm] m[kg] over damped 29 - yH=(p6+p5) *exp(alpha*t)+alpha*t. *exp(alpha*t) ;
4 %b=700; k=b"2/{4d*m) % case 2: b[Hs/cm] k[H/cm] m[kg] critically damped 30 - yE=eta*A*(-p7*t.*exp(alpha*t) +p8*({exp(alpha*t) -1} /alpha) ;
5 %b=300; k=2450 % gase 3: b[Hs/cm] k[N/cm] m[kg] under damped
" 31 - else
7 - sigma=b/(2*m), rho=k/m, eta=1/m % model coefficients 32 - omega=sqrt (-d), phil=atan2(kl, (k2-sigma*kl)/omega)
8 - d-sigma”2-rho % determinant 33 - phiE=atanZ(omega, sigma)
9 - A=10%m; % weight step input 34 - K=sqrt(k1"2+(k2-sigma*kl)"2/omega’™2)
10 35 - vH=K*exp(-sigma*t).*sin(omega*t+phiH) ;
11 - t=[0:0.01l:dur]; 36 - vEl=exp(-sigma*t) . *sin(omega*t+phiE}) ;
12 - w0=1.50; wd0=1.80; % Initial conditions 37 - yE=eta*R/omega*(omega/(omega"“2+sigma’“2)—yEl) ;
13 - kl=y0; kZ2=2*sigma*y0+yd0 38 - end
14
15h %% Determination of poles 39
16 - if d>0 40 %% Total Response
17 - alphal=-sigma+sqrt (d) 41 - yT=yH+yE;
18 - alpha?=-sigma-sqrt{d) 42
19 - pl={alphal*kl+k2)/({alphal-alpha2}; 43 %% Plot graphs
20 - p2=(alpha2?*kl1+k?)/({alpha2-alphal); 44 - subplot(311); plot(t,yH); axis([0 dur -2.8 5]);
21 - ql=1/{alphal*{alphal-alphaZ}}; 45 - ylabel( 'Homogeneous response [v H]"); grid on;
22 - q?=1/(alpha2*{alpha?-alphal)); 46 - subplot({312); plot(t,yE); axis([0 dur -2.8 h]);
23 - g3=1/(alphal*alpha?) ; 47 - ylabel('Excgenous response [y E]'); grid on;
24 - yH=pl*exp(alphal*t)+pZ*exp(alphaZ*t) 48 - subplot{313); plot(t,yT); axis([0 dur -2.8 5]},
25 - yE=eta*A*(ql*exp(alphal*t)+q2*exp(alpha2*t)+q3); 49 - ylabel('Total response [y T]"); xlabel( 'time [s]'); grid on;

26 - elseif d==

System Response

« Case2: o>-p=0, (b =2Vmk) - Real, -ve coincident poles
(3.52) — Y (s) = Kis+ Ko n
7= (s —a)?  (s—a)?

Haomaogeneous response [yH]

rroN IJ:rJS J'J(j . 1”78 fJg ¢
Yis)= { (5 —a)? * (s — u:)} o { (s —a)? * (s —a) } F(s) @)

where Ps = B, B= —t P =g
1
IC and System

Over Damped

Exogenous response [yE]

Total response [yT]

Simulation




System Response: Case 2 Critical Damping

For  f(t) = Aus(t)—>F(s) = Al

) B Pss Fs . Prs Py 1L (36
LA {(s - a)? i (s — (1-')} i { (5 — a)? s (s — ) } A S (3.62)

s g | |
> 1/s
s< v l« ]
e te

d(te™") I

i + p{f;.ﬂ‘!f|t:{-l — (l + (Z!:‘i}{-”nf‘

¢ evtat = Leotlh = L(eat — 1)
Responce 1
y(t) = Ps(1+at)e® + Pee® + nAPrte™ + nAPz—(e™ — 1)
o
_??APS + (T]AP};

(83

+ Fs + P_s) e™ + (nAP; + Psa)te™(3.63)
8

Simulation: Case 2 Critical Damping

. :=125N/cm b=TO0Ns /cnn
Increase Spring Constant . N/em: b=T00Ns/em

b2
k =2450[N/cm)] k=2
l 2m

Deflection at steady state flk = 500/2450 = 0.2em

Poles o, =a, ===

MatLab ¢ e R

L] L] § D L ----------------------------
Simulation : -

Critical Damping i L) S — — — —— S

- Fast response ’ ’ " ° “ “

* No overshoots =TT

« Most energy N R R R I

efficient R N B S

] — — —— i

] 5 10 158 20 25

o NS S—

] ----------------------------

;‘ i e ____________________________

| o R N A

] 5 10 158 20 25

time [5]

Response .., :
Comparision Q 2 """"""" """"""""""""""" i
- Over damped s

- E 2 e Rt ]
response is BIG L L s L L )

and slow

* Critically damped
response is small
and FAST

Exogenous response [yE]

Tatal response [yT]

time [s]




Response: Case 3 Under Damped

Complex Conjugate
pair of poles

e« Case3: o’ —p<0,b<2Vkm

but s => (s+0)—> exponential scaling — e

7 cos ax

coswt
- Systempoles 1,09 = —0 £ jw _ { s+o _rr W J+& w
"His+0)2+w? w(sto)?+uw? w (s+0)%+w?

« Response Ul w A (J .
(3.52),p w(s+o)?+w?s |—’ ‘3111 wt (3.65)
e [204(0) +'(0)] U Fs) v

i (s+o—jw(s+o+ijw) (s+o—-jwis+o+jw) ° e~ gin wi but s => (s+0')—> exponeinial scaling
. Kis+ Ko n s o -
(54 0)? - (jw)? 2 T (s+0)? — (jw)? F(s) Ji et sinwtdt sin o

5 1 1 A
| e S e £
l(s-l—al)'z-{—w? &Z(S—i-rr)g-l—w?—l_”(s-l—r:r)j-i—vu
f ; — C. w
B Ay S
(s+02+w? w(s+0)?+w? w (s+0)+w
n w A o o
w(s+o)?+w?s (3.69)
Response : Case 3 Under Damped Under Damped = . [ [ |
Ko Response e -
y(t) = Kie™ 7t cos wt — = e tsinwt + —e 7' sinwt P .
A ~ “ + Poles 2 T
402 =0t sin wtdt ayap =—3+£j6.3  E 2o ]
73 0 ) ] & 10 15 20 25
il (Ky — oK) . . Osqllatory due to . . . .
= e Ky coswt + ———sinwt spring action being 2 L[l ]
g : 3
A , dominant =) ISR N SRS S S i
n w —ot (o - _— . &
t {w—z T2 © sin(wt + ‘PE)} * Oscillations die out, 2 R e ]

« Decaying sinusoidal indicates an oscillation, which is a response is stable u‘j’ T T S e S—— .
result of weaker damper to resist the speed adequately . > 1o 18 L %

A‘:lilf‘ile{rnl b=T00Ns/cm 1 S S S N :

k 22450[3\1,’{!111] 2 § 2 """""""""""""""""""""""""""""""" 7

f/k = 500/2450 = 0.2em ! : D]“‘ -------------------------------------------------------- -
Steady state response k =2450[N/em| b = 300 Ns/cm 3 ] R R I S .
] & 10 15 20 25

time [s]
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